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Abstract
We propose an algorithmic procedure of obtaining multiple M2 brane dynam-
ics starting with an action of a single M5 brane. The procedure involves a novel
Kaluza-Klein reduction. First, the M5 brane action is truncated to keep a few
leading terms in the derivative expansion. Then 3+3 splitting of dimensions is
carried out. With expansion in terms of the S2 spherical harmonics, the fields
are associated with SU(N) (or its infinite extension) gauge algebra. We present
an elaborate reduction procedure that leads to ABJM theory when the fuzzy
spherical harmonics are replaced by SU(N) gauge generators.
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1 Introduction
Several years ago, multiple M2 brane actions were proposed [1][2][3]. A system of
multiple M2 branes can be polarized into a single M5 brane through the dielectric-
type effect [4][5][6] as shown by the authors of [7][8][9] who constructed an M5 action
starting with BLG action with a “bottom-up” approach. We present in this paper what
could be viewed as a “top-down” approach – the Kaluza-Klein induced mechanism of
obtaining multiple M2 branes starting from a single M5 brane.1 We take the M5/M2
case for an illustration but the procedure should be valid in general.
On an intuitive level, the mechanism is simply to “cut” an M5 brane into M2 brane
strips. In this paper we propose that there is a mathematical procedure that corre-
sponds to the ”cutting“: the cutting may be realized through a certain regularized
discretization of part of the M5 worldvolume as depicted in the figure below. Roughly,
the idea is to compactify the worldvolume theory of a single M5 brane on a manifold of
real dimension three. The physics of the resulting M2 branes is correlated with prop-
erties of the internal manifold. The choice of the internal manifold determines, among
other things, the gauge group of the reduced theory in the case where the harmonics
of the internal manifold can be associated with an infinite extension of certain gauge
algebra.
It is well known that the fuzzy spherical harmonics of S2 admit such infinite extension
[14][15]. As established in those papers, the algebra of the S2 spherical harmonics can
be associated with that of the infinite extension of SU(N). We choose S2 × S1 as the
internal manifold, and carry out reduction along S1 followed by truncation; we then
consider expansion of fields in terms of the S2 spherical harmonics. The main reason to
choose S2 is for its association with infinite SU(N); the relevance of S2 was discussed
in [16] and [17] from different angles. The worldvolume diffeomorphism turns into
the gauge invariance once the fuzzy spherical harmonics Ylm are manually replaced by
SU(N) group generators T a.
1See [10] and [11] for a related discussion. An interesting role played by a Ramond-Ramond C-field
background was discussed in [12] and [13] in a related context.
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Figure 1: From an M5 to M2’s
Part of our motivation comes from [18] where certain non-abelianization of the Green-
Schwarz open string action was proposed. It was anticipated that recent progress on
the non-abelian M2 brane physics would shed light on such non-abelianization. We
will have more on this in the conclusion.
To some extent, Kaluza-Klein related techniques already appeared in related liter-
ature, especially in the bottom-up approach. We believe that it is in the top-down
approach where the techniques provide a more enlightening perspective. While the
relevance of Kaluza-Klein procedure in the top-down approach can be seen relatively
easily, precise implementation requires new ideas and components. Put differently,
there are some subtleties in the top-down approach that need to be understood. For
example, an M2 brane theory should have eight scalars that correspond to the trans-
verse directions of the brane worldvolume. The M5 brane has only five scalars which
correspond to its transverse directions. One may anticipate that the extra scalars would
come, upon reduction, from the self-dual gauge field. On the contrary, the scalars from
the self-dual field should be removed, as we will show. It turns out that it is certain
gauge fixing – which may be called “partial static gauge” – that brings the deficit
scalars. More specifically, one gauge-fixes only the M2 brane worldvolume coordinates
among eleven X-coordinates.
Another example of subtleties concerns field ordering. After the M5 brane action is
appropriately reduced, the fields in the action will be Kaluza-Klein expanded in terms
of S2 spherical harmonics, Ylm. Ylm can be mapped [14][15] to its fuzzy version that
was denoted therein by Tlm. Note that Tlm’s are functions of SO(3) generators that
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satisfy the well-known commutation relations, therefore, non-commuting. Due to this,
one must face ordering issues. As we will discuss, it is likely that the ordering will be
determined uniquely.
The Kaluza-Klein algorithm of this paper offers several new insights on the physics
under consideration. One of them is an alternative understanding of the appearance
of the product U(N) group, namely U(N) × U(N), in the ABJM model. In the
ABJM construction, the product U(N) group arose through a brane construction. In
the current set-up, it appears on a more elementary level: it arises through enforcing
reality of the action after replacement of Ylm (or Tlm) by T a, the group generator.
Another revealing aspect of the current approach is that it is clearly sets the limi-
tations of the reduced theory. Arriving at the BLG or ABJM type models requires an
elaborate reduction procedure. The fact that such an elaborate procedure is required
reflects that the BLG or ABJM model describes certain aspects of a particular ”sector”
of the physical states of M5. The starting action of an M5 brane is a Nambu-Goto
type that is supposed to describe a single M5 brane at its full energy scale.2 As we
will explicitly show, cutting out the higher derivative terms is essential for arriving at
BLG or ABJM action (or their variations). This implies that BLG or ABJM action is
only capable of describing the low energy aspects of the M2 brane physics but not the
full energy scale physics [1]. (See also [21].)
The rest of the paper is organized as follows. In Section 2, we start with an action for
a single M5 brane. In the derivative expansion, we keep two leading order terms that
we name the DBI term and the H2 term, respectively. Using the technique of [10],
3+3 splitting of dimensions is implemented on the DBI term. After that, 3+3 splitting
of the H2 term is carried out following the steps that could be viewed as the reverse
procedure of [7]. By generalizing the results of [7] to a nonlinear level and employing
certain complexification of the action, we show in Section 3 that there is a series of
reduction ansa¨tze that lead to ABJM action. In the conclusion, we end with comments
2Note, however, that the M5 brane action of [19][20] needs to be modified by higher derivative
corrections to M-theory in ultra-high energy region.
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on future directions.
2 Partial reduction of M5 action
Kaluza-Klein techniques have been employed in the literature, especially in the bottom-
up approach. However, once one gets to the specifics of obtaining multiple M2’s from a
single M5, certain things are not so obvious. For example, the single M5 brane action
has five scalars after the usual static gauge-fixing whereas BLG or ABJM action has
eight scalars. One possible way of getting the eight scalars would be the self-dual
field’s yielding the required scalars upon reduction. This would be in line with the
way in which Kaluza-Klein reduction usually works. It has turned out that the usual
approach does not apply here. The approach that does work is an unusual Kaluza-
Klein program in which a novel gauge-fixing is required. In this section, we deal with
this and a few other related issues, partially carrying out the reduction. The reduction
will be completed in the next section.
We start with the worldvolume theory of a single M5 brane formulated in [19][20].
Several leading terms will be kept in the low energy derivative expansion. Following
[10][22], we consider (d, n) (d+ n = 6) splitting of the dimensions with d denoting the
dimension of the “external” manifold and n the dimension of the “internal” manifold.
While doing so, the Nambu bracket naturally appears. The fact that the Nambu
bracket structure is relevant for an M2 brane action is long known [15][23][24]. The
works of [15] and [23] were carried out in a lightcone framework. It was recently shown
in [10] that the Nambu bracket can be introduced in a more covariant manner.
In this section, we partially carry out the reduction to R1,2 which we take as the
external manifold; the goal is to re-cast the action in (3) into a form that is suitable
for the harmonic expansion presented in Section 3. Let us start with the derivative-
expanded form of the covariant action of a single M5 brane [26][27]
S = −
∫
d6ξ
√−g
[
1− 1
24
HˆmnlHˆ
mnl − 1
8(∂a)2
∂ma(Hˆ − ˜ˆH)mnl(H − ˜ˆH)nlp∂pa+ . . .
]
+
∫ [
Cˆ(6) +
1
2
dB(2) ∧ Cˆ(3)
]
. (1)
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Here gmn is the induced metric on 6D worldvolume, Hˆ
(3) = dB(2) − Cˆ(3) is the field
strength of the worldvolume self-dual gauge field B(2), i.e.
Hˆmnl =
˜ˆ
Hmnl,
˜ˆ
Hmnp =
1
3!
√−g mnprstHˆ
rst.
Cˆ(6) and Cˆ(3) are the pullbacks of 11D target-space gauge fields. One may fix, e.g., the
gauge [28]
∂ma(x)√−(∂a)2 = δ0m.
In this gauge, the action becomes (cf. [29])
S = −
∫
d6ξ
√−g
[
1− 1
24
HˆmnlHˆ
mnl − 1
8
(Hˆ − ˜ˆH) m¯n¯0 (Hˆ − ˜ˆH)0m¯n¯ + . . .
]
+
∫ [
Cˆ(6) +
1
2
dB(2) ∧ Cˆ(3)
]
, (2)
where m¯ = 1, 2, ..., 5. The gauge fixed version of the M5 action (2) is equivalent (modulo
contribution of the target-space gauge fields) to that of [7] (see [29] for details). We go
to flat space and set Cˆ(6) = 0, Cˆ(3) = 0. Substituting the a(ξ)-equation of motion into
(1), the expanded covariant action reduces to (cf. [30])
S = −
∫
d6ξ
[√−g − 1
24
√−gHmnlHmnl + . . .
]
. (3)
Now the self-dual field strength is related to its gauge potential in the usual way
Hmnl ≡ (∂lBmn + ∂mBnl + ∂nBlm) ≡ 3∂[mBnl]. (4)
The self-duality condition reads
Hmnp − H˜mnp = 0, H˜mnp = 1
3!
√−g 
mnprstHrst (5)
Let us split m = (µ, i),
m = (µ, i) µ = 0, 1, 2 i = 1, 2, 3 (6)
and denote ξm = (xµ, yi). In the next two subsections, we implement 3+3 splittings of
the
√−g-part and the H2-part, arriving at (41) as a result.
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2.1 3+3 splitting of
√− det(gmn) part
The analysis of the Nambu-Goto part, i.e., the first term of (3) requires use of two
ingredients: the covariant splitting procedure of [10][22] and novel gauge fixing. The
gauge fixing procedure has a certain similarity to that of [11]. Define
SNG ≡ −
∫
d6ξ
√
− det(gmn) = −
∫
d6ξ
√
− det(∂mXM∂nXM) (7)
where M = 0, . . . , 10 are the target space indices; m,n = 0, . . . , 5 are the indices on
the M5-brane worldvolume. Let us impose partial gauge fixing
Xµ = ξmδµm, µ = 0, 1, 2 (8)
This action can be recast to the form [10]
SNG =
∫
d3x d3y
√−h
[
− hµνDµXMDνXM − 1
4
w2 detV + 2w
]
(9)
where
DµX
M ≡ ∂µXM − Aiµ∂iXM , i = 1, 2, 3 (10)
and the V -term is given by
detV =
1
3!
[
i1,i2,i3∂i1X
M1∂i2X
M2∂i3X
M3
]2
(11)
The field w is auxiliary, and will play an interesting role later. Substituting Xµ = ξmδµm
explicitly, the equations (9), (10) and (11) become respectively
SNG =
∫
d3x d3y
√−h
[
− hµνηµν − hµνDµXIDνXI − 1
4
w2 detV + 2w
]
(12)
DµX
I ≡ ∂µXI − Aiµ∂iXI , I = 1, ..., 8 (13)
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and3
detV =
1
3!
[
i1,i2,i3∂i1X
I1∂i2X
I2∂i3X
I3
]2
(16)
The field strength of Aµi is defined [10] by
Φiµν ≡ ∂µAiν − ∂νAiµ + (∂jAiµ)Ajν − (∂jAiν)Ajµ (17)
The nonlinear part of Φiµν will be responsible for the generation of the A
3 term of
the Chern-Simons action in the analysis of H2 in the next subsection. As it stands,
the action possesses such rich dynamics - which must be a general aspect of M-brane
dynamics - that the scalar potential V has a spacetime-dependent coupling ”constant“.
We narrow down to a special sector of the M5 dynamics choosing w = const. This
choice may be taken as part of the reduction procedure.
Let us expand the action (12) over the classical solution to the equations of motion
hµν = w
−1(ηµν +DµXIDνXI) (18)
from which one obtains
hµν = w(ηµν −DµXIDνXI + . . .),
and
−hµν(ηµν +DµXIDνXI) = −3w + . . .
The action (12) now takes
SNG =
∫
d3x d3y w−3/2(1− 1
2
DµXIDµX
I + . . .)(−w − 1
4
w2 detV + . . .)
3The action (9) implies the following field equation for Aiµ,
Akν = (V
−1)ki(BT )iν , Vij = ∂iXM∂jXM , Bµi = ∂µXM∂iXM (14)
The field equations for (w, hµν) that follow from (9) (or, equivalently, from (12)) are
w−1 =
1
4
detV, hµν = w
−1DµXMDνXM = w−1(ηµν +DµXIDνXI) (15)
Upon substituting these into the lagrangian, one gets the Nambu-Goto form back as can be easily
checked with noting −det(gmn) = −det(DµXMDνXM ) · det(Vij) [10].
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=∫
d3x d3y
1
2
w−1/2(ηµνDµXIDνXI − 1
2
w detV − 2 + . . .)
The constant part, -2, can be omitted from the NG part of the action. Once XM are
re-scaled according to
XI → w− 14XI (19)
the auxiliary field w becomes an overall factor,
SNG = w1
∫
d3x d3y (
1
2
ηµνDµX
IDνX
I − 1
4
detV ) (20)
where we have defined
w1 ≡ 1
w
(21)
2.2 3+3 splitting of H2 part
With the analysis in the previous section, the action (3), now takes the form
S = w1
∫ [1
2
ηµνDµX
IDνXI − 1
4
detV − 1
]
+
∫ [
HmnlH
mnl + . . .
]
(22)
where the second
√−g in (3) has been replaced by one. (Also the factor 1
24
has been
re-scaled away.) The reason for this is two-sided. Firstly, we are considering a minimal
coupling between the fields X and H. Secondly, it is for the action after the reduction
to have two derivatives at most. Ultimately, we arrive at ABJM, and ABJM has up
to two derivatives. Put differently, if one keeps
√−gH2, one will get ABJM+higher
derivative terms after the reduction (assuming a consistent procedure still exists). But
then one can drop those higher derivatives terms by going to a low energy limit.
Let us carry out 3+3 splitting of the H2 term. The outcome of the analysis is
given below in (40). Many of the necessary steps can be found in [7] but the analysis
should be run in the reverse, i.e., from a M5 to M2’s. There are two crucial new steps
that we have taken. The first is to identify the field Aiµ (that has appeared in the
“covariant derivative” of (10)) with some components of Bmn. This is in the usual
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spirit of Kaluza-Klein ansa¨tze: the resulting theory comes to have a reduced solution
space, a particular “sector” of the original theory. The second critical step - which is
crucial for the “non-abelian” case - is the adoption of the definition of Φµν eq.(17) in
the present context. In [7], only the first two terms of Φµν appeared because obtaining
the quadratic part of the action was the goal. The last two terms are essential to
produce the A3 terms of the Chern-Simons part (hence the expression “non-abelian”),
as will be discussed in Section 3.
For convenience, we quote here the definition of the field strength H and the self-
duality constraint,
Hmnl ≡ (∂lBmn + ∂mBnl + ∂nBlm), H˜mnp = 1
3!
mnprstHrst (23)
Hmnp − H˜mnp = 0, (24)
Define
Bµν = −µνρBρ, Bµj = Aµj, Bij = Aij (25)
Aij is a two-form whereas Aµi is a one-form. Let us take the following reduction ansa¨tze
that are “non-abelian” generalizations of the corresponding equations of [7],
Hµνλ = −µνλ∂ρBρ, Hµνi = Φµνi − µνλ∂iBλ
Hµij = Fµij, Hijk = Fijk (26)
where
Φµνi ≡ ∂µAνi − ∂νAµi + (∂jAµi)Aνj − (∂jAνi)Aµj (27)
and
Fµjk ≡ ∂µAjk − ∂jAµk + ∂kAµj, Fijk = (∂kAij + ∂iAjk + ∂jAki), Aij ≡ ijkAk
One can re-express the self-duality constraint and the field equation of Hmnp; the
complete list of the self-duality and field equation of H in terms of A’s is as follows.
The self-duality condition Hmnk = H˜mnk yields
∂j(Fµij − Φ˜µij) = 0 (28)
10
∂µB
µ = −1
6
ijkFijk, Φµνi = µνλ∂iB
λ − 1
2
µνλijkF
λjk
Using these, ∂m(H
mnk) = 0 can be put4
∂µF˜
µνλ + ∂iF˜
νλi = 0, ∂µF˜
µνk − ∂iF νik = 0, ∂µF µjk + ∂iF ijk = 0 (29)
They should have gauge invariance inherited from the original action (3), the 6D diffeo-
morphism and B-field gauge transformation. Using part of the gauge transformations
(i.e., the part associated with Bij transformation), let us set
Aij = 0 (30)
Eq.(29) will be supplemented by the constraint (28).
With the gauge fixing (30), the first equation of (29) becomes ∂iF˜
νλi = 0. As can be
seen by explicitly writing, the left-hand side vanishes identically. The third equation
of (29) simplifies to
∂µF
µjk = 0 (31)
yielding a Lorentz type gauge after the reduction. The second equation of (29) can be
reproduced by an action. To see that, let us consider
LA = w2
[
− FµijF µij − 2µνλijk∂µAνi∂jAλk + 1
2
µνλijkFµijΦνλk
+µνλijkAµj∂k(A
s
λ∂sAνi − Asν∂sAλi)
]
(32)
and compute Aiµ variation. w2 is a numerical constant to be determined later. This
action should be supplemented by the constraint (28). The X-part of the action con-
tains Aiµ inside the covariant derivative (10). Here we focus only on the gauge part of
the action, LA. An advantage of (32) over the original H2 form is that the self-duality
condition can be explicitly implemented in the (32) as we will see below. Also by going
from Bµi base to Aµi base, the gauge field equation of the coupled system of (22) is
obtained by Aµi-variation as a fully legitimate procedure.
4For the moment we consider the free lagrangian H2. What has been achieved by (29) is that the
field equations are obtained in terms of fields with the self-duality integrated.
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Variation of the first three terms yield, respectively,
δ(−FµijF µij) = −4δAµj∂iF µij (33)
δ
(−2µνλijk∂µAνi∂jAλk) = µνλijkδAµj∂νFλki + µνλijkδAµj∂kΦνλi
−µνλijkδAµj∂k(Asλ∂sAνi − Asν∂sAλi) (34)
δ
(
1
2
Fµij
µνλijkΦνλk
)
= −δAµjµνλijk∂kΦνλi − Aµjµνλijk∂kδΦνλi (35)
Noting that
−Aµjµνλijk∂kδΦνλi
= δAµj
µνλijk∂νFλki − Aµjµνλijk∂kδ(Asλ∂sAνi − Asν∂sAλi) (36)
one gets
δ
(
1
2
Fµij
µνλijkΦνλk
)
= −δAµjµνλijk∂kΦνλi + δAµjµνλijk∂νFλki
−Aµjµνλijk∂kδ(Asλ∂sAνi − Asν∂sAλi) (37)
Variation of the last term of (32) cancels against terms in (37) and (34). Gathering
the results above, one gets
δLA = 4w2 δAµj
(
∂νF˜
νµj − ∂iF µij
)
(38)
This completes the proof of the claim. The action given in (32) can be re-expressed as
LA = w2
[
− Fµij
(
F µij − Φ˜µij
)
− 2µνλijk∂µAνi∂jAλk
+µνλijkAµj∂k(A
s
λ∂sAνi − Asν∂sAλi)
]
(39)
or, on account of (28),
LA = w2
[
− 2µνλijk∂µAνi∂jAλk + 2µνλijkAµj∂k(Asλ∂sAνi)
]
(40)
12
3 Fuzzy Kaluza-Klein compactification
The analysis of the previous section puts the action (22) in the form∫
d3xd3y
{
w1
[1
2
DµX
IDµXI − 1
4
(
i1,i2,i3∂i1X
I1∂i2X
I2∂i3X
I3
)2
− 1
]
+w2
[
− 2µνλijk∂µAνi∂jAλk + 2µνλijkAµj∂kAsλ∂sAνi
]}
(41)
The action (41) is a partially reduced form in the sense that the fields still depend on
all 6D coordinates. The worldvolume is taken as R1,2 × (S2 × S1). The reduction will
be completed in this section and it will be shown that a mechanism or an algorithm
exists whereby the action (41) can be converted into a BLG or an ABJM-type action.
3.1 generalities
One of the centermost parts of the remaining reduction procedure is expansion in
terms of the harmonic functions of the internal manifold. Before we get to the details
of the expansion, let us address several issues that merit discussion. In Kaluza-Klein
compactification, one considers expansion in the modes of the internal manifold,
φ(x, y) =
∑
φa(x)Ha(y) (42)
where φ is a generic field in (41), and Ha(y) is a schematic notation for the spheri-
cal harmonics. Necessarily, the physics of the M2 branes will be correlated with the
properties of the internal manifold, and the final form of the M2 action depends on
the choice of the internal manifold. Then a question arises with regard to the internal
manifold to choose. The choice largely determines the physics that the reduced action
is to describe. Reversely, if one has a certain M2 brane physics to describe, the internal
manifold must be chosen accordingly.
Let us illustrate the point with the current case. Suppose that we intend the M2
brane system to have a gauge group of SU(N) nature (such as SU(N)×SU(N)) or its
infinite extension. Given the relation between S2 and SU(∞) [15], it is not difficult to
infer that the internal manifold should involve S2: we are naturally led to some type of
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a fibration over S2. The simplest fibration is S2×S1.5 This choice was also influenced
by the work of [25]. A more complicated choice such as (Hopf-fibrated) S3 may be
possible. It is just that the resulting M2 brane physics would be more exotic. (For
example, unlike S2, S3 is not associated with an infinite extension of any Lie algebra
to our knowledge.)
Our proposal is to replace the harmonics Ylm by its fuzzy counterpart Tlm, and
subsequently Tlm by the SU(N) gauge generator T a. The replacement would lead
to ordering ambiguities in the action since Tlm’s do not commute. The ambiguity is
not present for the quadratic terms because
∫
d3y will be replaced by Tr, the trace
over the gauge generators. We require (and expect) as part of our proposal that the
ambiguity should be (mostly) resolved by symmetries - such as gauge symmetry and
supersymmetry - that are expected for an M2-brane system. They, with the index
structures of the fields, will greatly reduce the number of possibilities. We believe
that they will determine the final theory uniquely, at least, for the current case: it
seems implausible to have two different theories that share the kinetic terms and the
symmetries but differ in the orders of the fields that appear in the interactions.
3.2 complexification leading to ABJM type theories
We now turn to specific cases: reduction to ABJM type actions. First, we take a
reduction procedure that leads to ABJM theory. Evidently there are some manipula-
tions required to proceed from (41) to ABJM action. There exist two main differences
between (41) and ABJM action. The first is that the action of (41) is in terms of real
fields whereas ABJM action is in terms of complex fields. This implies that some kind
of complexification is required. (Indeed, complexification is a very important step; it
5One may be concerned that the involvement of S1 - which is one of the worldvolume directions of
the M5 brane - may imply that the resulting non-abelian action may be that of D-branes instead of
fundamental M-branes. This will not be the case. To see that, one may start with an NS5 brane action,
and repeat the analysis of the present paper; most of the analysis would carry over with only minor
modifications. Since an NS5 brane is not related to a D-brane via T-duality, the nonabelian action
should be that of fundamental branes such as M2’s or fundamental strings upon further reduction.
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will bring the product U(N) group as will be discussed shortly.) The second difference
lies in the gauge symmetries. The action (41) has gauge symmetry that is inherited
from the original action (3). (Part of the gauge symmetry has been used for partial
gauge fixing.) Therefore, what seems required is replacement of Ylm by the group gen-
erator T a. In fact, the first and the second requirements feed off of each other. (The
action (41) differs from ABJM in that it has derivatives along the internal directions.
This difference is related to the second difference, and will be dealt with by further
reduction.)
The real action (41) can be expanded in terms of the spherical harmonics which are
complex. The replacement is not without the subtlety that is associated with the reality
of the action. When the action is “Fourier” expanded, the reality is assured by imposing
certain constraints on the “Fourier coefficients”. However, the same constraints cannot
work after replacement by the group generators. To remedy the problem, we propose
adding complex conjugate terms explicitly to the action, viewing the fields in (41)
complex. With the proposed “complexification”, the fields in (41) can be put into the
form of (42).
Since the matrix valued fields in ABJM action do not commute, the regular spherical
harmonics Ylm should be made non-commuting somehow. Given the work of [14][15],
the natural step for this would be to replace Ylm by its fuzzy version, Tlm, and then to
replace Tlm by the gauge group generator T a afterwards. The use of Tlm means that
the two-sphere S2 is actually fuzzy. We will discuss ordering ambiguities as they arise.
There is a relatively simple complexification procedure. In this procedure, we replace
the gauge field according to
Aiµ → −iAiµ + iAˆiµ (43)
and treat Aiµ and Aˆiµ independently. Let us consider complexification of the scalar
part first and the gauge part afterwards. Due to SO(8) triality, one can regard XI
in (41) as complex. (See the discussion towards the end for more details.) The next
step is to replace Ylm with Tlm. As soon as one considers the replacement, one faces a
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few subtleties, some of which have been pointed out above. One subtlety is that not
only does the “bare” Ylm appear but so does Ylm with derivatives along the internal
directions. Recalling the works of [14] and [15] and utilizing some of the results of [25]
provide a hint as to what should be done to the derivatives. The authors of [14] and
[15] considered the fuzzy version of Ylm denoting it Tlm, and defined the corresponding
structure constant by considering [Tlm, Tl′m′ ] with l ≤ N − 1. The structure constant
defined this way approaches the structure constant of the Nambu bracket {Ylm, Yl′m′}
when N →∞. The result naturally suggests that the Nambu bracket of Ylm’s should
be replaced by a commutator of the gauge generator.
Replacement of Ylm by Tlm is an intermediate step: Tlm should be replaced by the
gauge generator T a. More specifically, we propose
XIlmT
lm → XIa(T a)βγ → XIβγ (44)
where the adjoint generator T a is that of the first factor of SU(N) × SU(N); there
are analogous relations for the complex conjugate fields with the gauge generators
belonging to the second SU(N). Note that with the intermediate step XIa(T a)βγ, the
(β, γ) indices are associated with single SU(N). However, the redefined field XIβγ may
be viewed as a bi-fundamental representation of SU(N) × SU(N) with each of (β, γ)
corresponding to each factor of SU(N).
The proposed reduction for the V -term can be based on the result just stated. The V -
term is of the three-bracket form with internal derivatives acting on XI ’s. Assuming
S2 × S1 as the internal manifold, one can show [25] that the three-bracket of the
potential V can be re-expressed in terms of the two-bracket. Based on this, we replace
Ymn (or its fuzzy version Tmn ) by the gauge generator T a,(
i1,i2,i3∂i1X
I1∂i2X
I2∂i3X
I3
)2
→ Tr([XI1 , XI2 , XI3 ][X¯I1 , X¯I2 , X¯I3 ]) (45)
with an appropriate numerical constant in front. This is the same as the potential term
of ABJM. Therefore, one arrives at a lagrangian that is the same as the corresponding
part of ABJM theory.
Now let us turn to the gauge part. What directly came out of the Kaluza-Klein
analysis in Section 2 was the real-field based lagrangian. Let us view Aiµ as a complex
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field renamed Aiµ, and explicitly add a complex conjugate part to enforce the reality:
LAc = −2w2µνλijk∂µAνi∂jAλk + 2w2µνλijkAµj∂k(Asλ∂sAνi)
+c.c. (46)
now,
Fµij ≡ −∂iAµj + ∂jAµi (47)
As a matter of fact, the replacement (43) in the gauge part of the action produces
cross terms. Since the integration
∫
d3y will be replaced by trace over the product
gauge group eventually, those terms will contain trace over a single gauge generator,
therefore vanish. For this reason, they have been omitted from (46).
As mentioned above, the ordering ambiguities should be resolved based on the an-
ticipated symmetries. More specifically, for the quadratic terms in (41), there is no
ambiguity since there is trace over the internal space. For the A-cubic terms, the or-
dering causes overall sign ambiguities. It should be possible to fix the sign based on
various symmetries such as gauge symmetry and/or supersymmetry. For the sextic
potential, again, it would be an overall sign issue which would be resolved in a manner
similar to that of the cubic terms.
For further reduction, consider
Aiµ(xµ, yj) = Aµ(xµ, yjˆ) eiβiy
3
, jˆ = 1, 2 (48)
where βi’s are constants to be determined. With this ansatz, one can show that the
quadratic term reduces
−2µνλijk∂µAνi∂jAλk = −2i(β1 − β2)ei(β1+β2)y3 µνλ
[
∂µAνAλ
]
(49)
Let us take
β1 + β2 = 0 (50)
The cubic term requires more lengthy, although straightforward, algebra; one can show
2µνλijkAµj∂k(Asλ∂sAνi)
17
= 2i
[
β1e
iβ1y3 − (β1 + β3)e−i(β1−2β3)y3
]
µνλAµAλ∂1Aν
+2i
[
β1e
−iβ1y3 − (β1 − β3)ei(β1+2β3)y3
]
µνλAµAλ∂2Aν
+ 2β1β3e
iβ3y3 µνλAµ AνAλ (51)
By making, e.g., the following choices
β1 = 1 = −β2, β3 = 3
2
(52)
the first two terms in (51) are removed by
∫ 2pi
0
dy3 whereas the third term becomes
4iw2
µνλAµ AνAλ. (53)
Putting the results of the quadratic term and the cubic term together, the action (46)
takes, after reduction,
LAc = −4iw2 µνλ (2pi∂µAνAλ −Aµ AνAλ) + c.c. (54)
Each field Aµ above can be expanded in terms of the fuzzy spherical harmonics,
Aµ = Almµ Tlm (55)
The final step is to replace Almµ Tlm by AaµT a
AµlmTlm → AµaT a (56)
arriving at the corresponding part of ABJM action up to the numerical coefficients.
The numerical coefficients can be adjusted by noting that (54) can be rewritten as
LAc = −16piiw2 µνλ
(
1
2
∂µAνAλ − g
4pi
Aµ AνAλ
)
+ c.c. (57)
where g is a constant. This is possible by making a re-scaled reduction ansatz in Section
2.2. Therefore, it does not affect A field in the the covariant derivative. Now set
g = −4pii
3
, w1 = k, w2 = i
k
16pi
(58)
where k is the Chern-Simons level parameter.
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Finally, we briefly note that there is a slightly different complexification that one
can take. The final outcome should be equivalent to ABJM theory by trivial gauge
field redefinition. Starting with (46), the scalar part may be done differently with the
gauge part of the analysis unmodified. One can derive a complex version of the scalar
part (41) using some of the ingredients in [25]. (The complexified version will then be
the resulting complex action plus its complex conjugate.)
Let us introduce
Y M =
 Y µ
Y α
 with Y µ = Xµ, Y α =
 ZA eiσ
ZA e
−iσ
 (59)
where α is a SO(8) spinor index and A is a SU(4) index. Due to the SO(8) triality,
(7) can be re-expressed [25] as6
SNG ≡ −
∫
d6ξ
√
− det(∂mY M∂nYM) (60)
Following the steps that are analogous to those of the real case before, one gets
SNG = w
−1
∫
d3x d3y
[
ηµνDµZ
ADνZ¯A − 1
4
detV − 1
]
(61)
where
DµZ
A ≡ ∂µZA −Aiµ∂iZA (62)
and
V =
1
3!
[
i1,i2,i3∂i1Z
A1∂i2Z
A2∂i3Z
A3
]2
(63)
4 Conclusion
So far in the literature, the popular approach (see e.g., [7]) of relating an action of a
single M5 and that of multiple M2 branes has been through the Myers’ type effect.7 In
that approach, one builds up an action of a single M5 brane starting from a non-abelian
6This can be seen by the definition (59) and using Yα = (Y
α)∗ which was stated in [17].
7The only exception that we are aware of is [11] where the starting point is an M5 action.
19
M2 brane action. The Kaluza-Klein procedure of this paper - which can be viewed as
the reverse procedure of a generalized Myers’ effect - offers an alternative perspective.
What we have established is a mathematical procedure that corresponds to “cutting”
the M5 brane into pieces with each piece being an M2 brane. The mathematical
procedure is to compactify part of the M5 brane worldvolume and discretize it by
introducing “non-commutativity” in the compactified worldvolume. To this end, we
have started with the covariant M5 action constructed by [19][20], and have carried an
elaborate Kaluza-Klein reduction taking S2 × S1 as an internal manifold. To make a
connection with (infinite) SU(N) algebra, the S2 part has been taken fuzzy. The fact
that it takes an elaborate reduction procedure should reflect that the resulting theory
describes a narrow and special sector of the M2 brane dynamics, even more so the
original M5 brane dynamics.
The choice of S2×S1 was for simplicity. One may consider an internal manifold with
different S1 fibering over S2. In general, a different fibering would lead to a different
theory once the S1 direction is reduced. In the case where only the lowest Kaluza-Klein
mode is kept (i.e., reduction followed by truncation), there might be a corresponding
reduction for each fibering that yields the same reduced theory. Settling this issue
completely will require more work.
Let us pause to contemplate a potentially interesting issue. As we have shown
in this letter, ABJM theory can be constructed by reducing a single M5 action on
S2 × S1. There are characteristics of the reduced theory, i.e., ABJM theory, that
provide hints as to its origin. It has a fuzzy S2 solution that displays features of S3
(that can be constructed through Hopf fibration over S2) as against the simpler S2×S1.
With regard to this difference (i.e., S3 vs S2 × S1), there seem to be two possibilities.
The first possibility is that one should actually consider S3 reduction of a single M5;
there may be a different, more complicated reduction procedure that leads to ABJM
theory. The second possibility is that the appearance of S1 Hopf fibration over S2
may be associated with one of the limitations of ABJM theory. In other words, the
appearance of Hopf fibration may be a peculiarity due potentially to the incapability
of the reduced theory to describe the full physics of the original theory. Given the
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profound relation between gauge degrees of freedom and gravity degrees of freedom,
study of 11D supergravity solutions would be useful to settle this issue. Stable S3
compactification of 7D gauged N=2 Supergravity does not exists (see e.g. [31]) while
6D gauged N=2 Supergravity admits stable S2 compactification [32]. Since those 7D-
and 6D- supergravities are related by S1 reduction, it follows that the 7D supergravity
admits the stable compactification on S2 × S1. This seems consistent with our result,
and to point towards the second possibility above.
As briefly mentioned in the introduction, part of our motivation comes from [18]
where certain non-abelianization of the Green-Schwarz open string action was pro-
posed. Some of the ingredients of the current work will be useful for providing foun-
dations for (or even first-principle derivation of) the proposal. To that end, two things
must be done. For the current work, we kept only a few leading terms in the derivative
expansion. That step must not be taken in order to obtain a nonabelian string action
starting from an M5. Secondly, the currently work should be generalized to a curved
background. It is one of the near-future directions that we are taking.
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